
線形代数 (SC), 第19回演習問題 2022/1/17 担当：那須

1 行列A =

(
1 2

1 0

)
とする.

(1) Aの固有値を全て求めよ.

(2) Aを対角化せよ.

(3) An (n = 0, 1, . . . )を求めよ.

(4) a0 = 1, a1 = 1, an+2 = an+1 + 2an で定義される数列 {an} (n = 0, 1, . . . ) の一般項 anを求めよ.

0解答:

1 (1) |A− λE| =
∣∣∣∣1− λ 2

1 −λ

∣∣∣∣ = (1− λ)(−λ)− 2 = λ2 − λ− 2 = (λ+ 1)(λ− 2). よって Aの固有値は λ = −1, 2.

(2) • λ = −1のとき,

A+ E =

(
2 2
1 1

)
基本変形−→

(
1 1
0 0

)
Aの固有ベクトル (の１つ)は, x1 =

(
1
−1

)
.

• λ = 2のとき,

A− 2E =

(
−1 2
1 −2

)
基本変形−→

(
1 −2
0 0

)
Aの固有ベクトル (の１つ)は, x2 =

(
2
1

)
.

よって P =

(
1 2
−1 1

)
のとき, P−1AP =

(
−1 0
0 2

)
となる.

(3)

An = P

(
−1 0
0 2

)n

P−1 = P

(
(−1)n 0

0 2n

)
P−1

=

(
1 2
−1 1

)(
(−1)n 0

0 2n

)(
1

3

(
1 −2
1 1

))
=

1

3

(
(−1)n 2n+1

(−1)n+1 2n

)(
1 −2
1 1

)
=

1

3

(
(−1)n + 2n+1 2(−1)n+1 + 2n+1

(−1)n+1 + 2n 2(−1)n+2 + 2n

)
.

(4) an =

(
an

an−1

)
と置くと, an = Aan−1 = · · · = An−1a1 = An−1

(
a1
a0

)
となる. a0 = a1 = 1より

an = An−1

(
1
1

)
=

1

3

(
(−1)n−1 + 2n 2(−1)n + 2n

(−1)n + 2n−1 2(−1)n+1 + 2n−1

)(
1
1

)
=

1

3

(
(−1)n−1 + 2n + 2(−1)n + 2n

(−1)n + 2n−1 + 2(−1)n+1 + 2n−1

)
=

1

3

(
−(−1)n + 2(−1)n + 2 · 2n

−(−1)n+1 + 2(−1)n+1 + 2 · 2n−1

)
=

1

3

(
(−1)n + 2n+1

(−1)n−1 + 2n

)
.

よって求める数列 an の一般項は, an =
1

3

{
(−1)n + 2n+1

}
, (n = 0, 1, 2, . . . ).
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